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1. INTRODUCTION

There has been some recent interest on possible restrictions on the coeffi-
cients of approximating polynomials [5-6]. Specifically, the problem being
investigated is stated as follows: Let S = {4,} be a sequence of nonnegative
real numbers. Let Hg = {p(x) | p(x) = > a;x* and | g, | << 4,*}. Let C; be
the set of all continuous real-valued functions f on [0, 1] for which f(0) = 0.
What are necessary and sufficient conditions on the sequence S so that Hy
is dense in C, in the uniform norm? Stafney [6] proved the following:

THEOREM A. Iflim,,, A; = o0, then Hy is dense in C, .

THEOREM B. If Tim,_, Ay < 00, then Hy is not dense in C, .

The present author improved somewhat on Theorem A with the following

[5]:

THeOREM C. Iffor each 0 << 6 < 1 and each M > O there exist arbitrarily
large N = N(5, M) for which A, > M if N6 <<k << N, then Hy is dense in
CO .

This paper improves significantly on all three of these theorems. The
notion of generalized Bernstein polynomial [4, p. 47] plays a critical role
in some of the proofs.

* Part of this work was done while the author held an NSF post-doctoral research
associateship at Rensselaer Polytechnic Institute.
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2. THE MAIN THEOREMS

A divergent series of positive terms Z;;I /oy is said to have property P
if for any N > 0 there is a 8 >0 such that Y, 1/o; > N whenever
ozk/ 0y < d.

With this notation we now state

THEOREM 1. If the sequence S = {4} contains a subsequence {4, } for
which lim,_,, A, = -+c0 and for which the series Z,_l 1/a; has property P,
then Hg is dense in C,.

THEOREM 2. If {A;} is bounded on the complement of a set of positive
integers {0 , oy ...}y < ag < -*) such that ¥y, 1)y, < 0, then Hy is not
dense in Cy. In fact, any function f in the uniform closure of Hg must be
analytic on some subinterval of [0, 1].

We note without proof that the hypothesis in Theorem 2 is equivalent to
the following:
Any subsequence {A,,k} of the sequence {A;} for which

. . =z 1
}gl}o 4,, = oo satisfies Z& - < o0,

The proofs of these theorems require several lemmas.
If {«;} is a sequence of integers satisfying

}g{lo o = —-00; 1)
% = 19
2)
0=y <oy <opg <<og <o <oy < Qpyy < 'y
|
k=1 %k

then define
Pal) = (<17 g oy 3 5,
where k < n are non-negative integers and where
wi(x) = (x — o)X — agyq) *r (x — ).

640/6/3-4
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That is
Pl = (=" 0y -+
x z 3915 — o)+ (o5 — )y — ) - (5 — )]
Leta,, = (1 — (1/az,y) - (1 — 1a,). If fe C[0, 1], define
B) = 3. /(o) ().

It is known that for any fe C [0, 1]. B, — f uniformly on [0, 1] [4, p. 47].
Now let

bpe = Z /(o — o) = (5 — ojg) * (o — ) (yg — )]
i=k
We now state the following:

Lemma 1. If feC[0,1] and if | is a nonnegative integer define
PriX) = Tis f(@ne) Pu(%) = Ty Cux'. Then there is a sequence {n;} of
positive integers and a positive constant K (both independent of 1) for which

’;l | cor ! <N fY K™, n, =1 4)

Proof. We first prove that

M=

Qg1 ™" O‘nbnk < K™ (5)

k=0

for some positive K and infinitely many »n. First, note that if r > s then
Qp — Oy ZF — 8.

) mS LGB T m =R

ik

Also note that
(i) Ay ey = (YY) €y - €y < (MUK € € .

Here we let «; = je; where, of course, ¢; > 1 =0, 1,... . Combining (i) and
(ii) we have

Gii) Y o it < Y (Z) Inke, ey = € o €3N
k=0

k=0
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We now have two cases:

Case 1. There is a number M > 0 such that ¢; < M all j. In this case
we see from (iii) that

n

S b < (3M)" for all n.

k=0

Case 2. lim;,. €, = + oo for some subsequence {e,,j}.
We may assume without loss of generality that €n, = € for each k < n;.
Then from (iii) we have

7
Y, v+ cabage < (6a)" 3% < (2% 3™ < 6% for each .
k=0

This concludes the proof of (5).
Equation (4) now follows from (5) and the inequality

D=

k

il

[ewl < IS Z g1 Oy K ] z X1 " “nbnk-
k=1 k=0

LemMMmA 2. Let 0 < oy < oy < -+ be positive integers. Then there is a
& > 0 such that for all k and n the following inequality is true:

é
Xplfen) F - + (] S

< (o) + o+ + (A fa)]™ (6)

Proof. The right half of this inequality is well-known and the proof is
omitted. We prove the left half. Since the a; are integers we know that
> i1 }/a? converges. Hence,

(I — Hog) =+ (1 — 1/oxy)

So, we have
s=T1(1— ) <I1(-5x) =TT —) [T+
And so,

8 n
oy <102

i=k i
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(6) now follows from this and the known inequality

[T (1 + Ve < expl(1fe) + - + (Lan)].

i=k

Proof of Theorem 1. Let fe Cy and let € > 0 be given. Choose 5, > 0
such that | f(x)] < /2 if 0 < x < §,. Let {n,;} be the sequence of integers
for which Lemma 1 is true, and so that n; <<n, << .

Choose integer M >0 such that ||/ — Bf,j Il < €/2, whenever j > M.
By property P, choose 8; > 0 such that (a/a,) < 8; implies 3 .1 1/a; >
1/8, . Then by (6) we have

e = (1 — Vo) - (1 — 1ay) < 8 if (oo, < 8.
From this we see that
flaum) < €2 it agfa, < 8;.
For each j, define

Qi(x) = B:zj(x) - Z f(an,dc) Pnjzc(x)~

o‘Ic/ﬁ",”-<61
If j > M then
1 f() = Qi) < 1) — B+ Y 1 fan)l | pap(®)l
/0t <Oy
<3+ %ak/%2<§1 Pape(X) < e.

It should be noted that in the above estimate we used the fact that
Pax(x) =0 and g por(x) = 1 [4, p. 46].

Let
Qi(x) = Z Cpx™.
k=1
Then by Lemma 1 we have
| Gl < S Kom.

1

i
I

But £ > [ if and only if ak/anj = 6,. (e, U, o/81).
Hence,

| Cl < |IFI K™
<17 Kg—; = [IfIV KMo, k= 1,.,n.
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We now choose j so large that
Aak ~ HfHI/ak Kllal

for all k& for which ay/a, > 8y .

Then we have | ¢ | < 4% for ayfa, > o, and ¢, =0 for /oy, < S .
This completes the proof of Theorem 1.

The proof of Theorem 2 uses two lemmas.

The following lemma is well known and the proof is omitted [I, p. 171].

LemMA 3. A family & of functions in a region £2 is normal if the functions
feF are uniformly bounded on every compact subset of £2.

(The definition of normal family is the same as that in [1, p. 168] and is
repeated here for the reader’s convenience.)

A family # of functions f, defined in a region £, is said to be normal if
every sequence {f,} of functions f, € # contains a subsequence {f,, } which
either converges uniformly or tends uniformly to oo on every compact
subset of 2. The proof of the following lemma is given in [2, p. 7] and is
omitted here.

LemMA 4 (Clarkson, Erdos). If n; is a sequence of positive integers
which satisfy Y (1/n;) < 40, and if f is uniformly approximable on [0, 1]
by polynomials involving only powers x™:, then f is analytic on [0, 1).

Proof of Theorem 2. Suppose fis in the closure of Hgs. Then there is a
sequence {p,} of polynomials from Hg which converges to f uniformly on
[0, 1]. We see that if pu(x) = Yo @npx” then | @, | < 4;* for all n, k. Let
{B;} be the sequence of integers consisting of the complement of {a}.

For each positive integer » we now define

Gu(X) = Y, Gy X" and rox)y =Y, an,Bij".

apsn B;<n

With these definitions we see that p,(x) = g,(x) + r.{x) n =1, 2,.... But
now we have the inequality

|74l < Y |, [ X% <Y, Afix® <Y i,

B;<n B;<<n Bi<in

(c a constant independent of j and n).

So, on the interval [0, 1/4c) we have | r (x)] < X (1/4)% < Z?:o (1/4y =
4/3. In fact, if we consider r, as a function of a complex variable we have
| r(2)] < 4/3 for all z satisfying |z | < 1/4c. Hence, r,(z) is uniformly
bounded on every compact subset of the circle | z | < 1/4c.
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So, by Lemma 3, the sequence {r,}, n = 1, 2,..., is a normal family. Hence,
there must be a subsequence {r,,k} which converges uniformly to a function
h on every compact subset of the circle | z | << 1/4¢. So, h is analytic on
[0, 1/4¢). Now consider the sequence gn (%) =Py (X) — r,,k(x). We see that
g»,(x) tends uniformly to f — 4 on [0, 1/8c]. Lemma 4 clearly implies, then,
that / — & is analytic on [0, 1/8¢). But then f must be analytic on [0, 1/8¢).
This completes the proof of Theorem 2.

3. REMARKS

(a) We sec that the “gap” between Theorem 1 and Theorem 2 is the
rapidity with which the series }° (1/o;) diverges. One might argue that this
difficulty might have been avoided by considering partial products instead
of partial sums. Lemma 4 however, clearly shows that these two approaches
are equivalent.

{b) The motivation for the proof of Theorem 1 is the same as the gen-
eral approach used in [5]. The only difference is that this paper uses the
“generalized” Bernstein polynomials instead of the usual ones. The main
difficulty here is with the points a,; which do not, in general, behave like the
points k/n in the usual Bernstein polynomial.
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